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Abstract 

We show that polynomial decay of correlations is prevalent for a class of 
nonuniformly hyperbolic flows. These flows are the continuous time analogue 
of a class of nonuniformly hyperbolic cliff eomorphisms for which Young proved 
polynomial decay of correlations. Roughly speaking, in situations where the 
decay rate 0(l/n^) has previously been proved for diff eomorphisms, we es- 
tablish the decay rate 0(l/t@) for typical flows. Applications include certain 
classes of semidispersing billiards, as well as dispersing billiards with vanishing 
curvature. 

In addition, we obtain results for suspension flows with unbounded roof 
functions. This includes the planar periodic Lorentz flow with infinite horizon. 

1 Introduction 

Dolgopyat [10] has shown that uniformly hyperbolic (Axiom A) flows typically mix 
rapidly, faster than any polynomial rate, for sufficiently smooth observables. The 
restriction to typical flows is necessary; there exist uniformly hyperbolic flows that 
mix but at an arbitrarily slow rate [211 [19]. We note that so far, exponential decay 
of correlations has been proved only in very special cases [HI [15], [20] . 

In previous work [18], we extended Dolgopyat's results to a class of nonuniformly 
hyperbolic flows. These flows are the continuous time analogue of a class of discrete 
time nonuniformly hyperbolic systems that are known, by the results of Young [24], 
to have exponential decay of correlations. In this context, we proved that again the 
flows typically mix faster than any polynomial rate. 

In this paper, we consider nonuniformly hyperbolic flows for which the analogous 
class of discrete time system is known, by Young [25], to have polynomial decay of 
correlations. We show that the flows typically have polynomial decay of correlations 
too, with the same polynomial rate (as upper bound). 
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The general set up is that T : M — > M is a nonuniformly hyperbolic diffeomor- 
phism in the sense of Young [21] but with a polynomial return time function r as 
in [25]. In particular, T : M — > M is modelled by a tower / : A — > A constructed 
over a "uniformly hyperbolic" base K C M. The degree of nonuniformity is measured 
by the return time function r : Y — > Z + to the base. It is assumed that A intersects 
its unstable manifolds in positive Lebesgue measure sets and that J r dfi u < oo where 
fi u denotes Lebesgue measure on unstable manifolds. Then there exists a physical 
(SRB) T-invariant ergodic probability measure v. 

Given a Holder continuous roof function h : M — > R + , form the suspension 
M h = {(x, u) £MxI:fl<u< h(x)}/ ~ where (x, h(x)) ~ (Tx, 0). The suspension 
flow <f> t : M h — > M h is given by 4>t(x, u) — (x, u + t) computed modulo identifications 
with r invariant ergodic probability measure v h = v x lebesgue / j M h dv. 

Suppose that the return time function satisfies the polynomial tails condition 

/j u (y G Y : r(y) > n) = 0{l/n p+l ), (3 > 0. 

Under this assumption, Young [25j obtained the decay rate 

J M vwo T n dv - J M v dv J M wdv = 0(l/n% (1.1) 

for the discrete time dynamics and Holder observables v, w : M — *■ R. We prove that 
typically the decay of correlations for the suspension flow satisfies 

Pv,w(t) = J M h vwo<j) t dv h - J Mh v dv h J Mh w dv h = 0(l/tP), (1.2) 

provided v , w : M h —>■ R are sufficiently regular. 

Remark 1.1 (i) In certain situations, estimate (11 .ip is sharp [13j[j3J[22] and it seems 
likely that estimate (11.21) is also sharp in the generality that it is proved. 

(ii) As in PUIEEB], the results in this paper hold only for observables that are sufficiently 
smooth in the flow direction. In particular, our results do not apply to the position 
variable in the Lorentz flow examples below. 

(iii) The approach in this paper works for general decay rates of n u (y G Y : r(y) > n), 
see Sections [3] and HI We note that the calculations are considerably simpler in the 
special case fi u (y G Y : r(y) > n) = Oil/n^ 1 ), (3 > 1. 

(iv) Throughout this paper, we require that the roof function h is bounded below away 
from zero. (Such an assumption was not required in [18].) Intuitively, one expects 
that the violation of this condition may actually accelerate mixing (for example in 
the case of Sinai billiards with cusps, see [5J p. 15] or [6J Section 5.6]). 

Our methods apply also to suspension flows with unbounded roof functions. We 
assume an exponential tails condition fi u (y G Y : r(y) > n) = 0(7 n ), 7 G (0, 1) for 
the return time r, and consider an unboundedness assumption of the type 

H u {x G M : h(x) > n) = 0(l/nP +1 ), (3 > 0, 
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for the roof function h. (For technical reasons, the actual assumption is slightly more 
complicated, see Section I2T31 for the precise statement.) We prove that typically, for 
e > arbitrarily small 

p v , w (t) = 0(l/^- £ ). (1.3) 

Remark 1.2 In future work, we expect to improve estimate (11.31) to 

Pv , w {t) = 0{{\nty +1 /t?). (1.4) 

Indeed we obtain this improved estimate for nonuniformly expanding semiflows, see 
Theorem 12. 71 

It is possible that the logarithmic factor in (II. 4p is an artifact of our method, but 
it seems more likely that additional assumptions on r and h jointly are required to 
remove it. This is discussed in Section ItT^El Such conditions may be harder to verify 
in practice. 

In contrast, the logarithmic factors in Examples 11.41 and 11.51 below are inherited 
from the tail estimates for r in [7J [8j [TT] . 

We now list some applications of our results. A good source of examples are 
provided by billiards and the associated Lorentz flows [U E]. However, it should 
be emphasized that the results apply generally to nonuniformly hyperbolic systems 
modelled by Young towers. In particular, whereas it is likely that decay of correlations 
hold at the specified rate for all Lorentz flows in the examples below, it is well-known 
even in the uniformly hyperbolic context, and hence certainly in the generality of 
this paper, that positive results can be expected only for typical flows. As in [18], it 
suffices that any four periodic orbits intersecting the base Y have periods satisfying 
a Diophantine-type condition, see Corollary 12.41 (In the uniformly hyperbolic case, 
it suffices to consider any pair of periodic orbits [TO].) 

Example 1.3 (Intermittency-type semiflows) Various authors including [T4"l [T6| 
[25] have studied intermittency (Pomeau-Manneville) maps of the type T : [0, 1] — > 
[0, 1] given by 

_ f x{l + 2 a x a ) < x < \ 
X ~\ 2x - 1 \ < x < 1 

for < a < 1, where there is an indifferent fixed point at 0. There is a unique 
absolutely continuous ergodic invariant probability measure v and for rj > there is 
a constant C such that 



\f[o,i] vw oTU du ~ f[o,i] v du f[o,i] w du \ ^ cIMIctMooAA P = J-i 



for all v E C v ([0,l]),w £ L°°([0, 1]), n > 1. Hu [14] showed that this rate is optimal. 
Further, the upper bound 0(l/n^) was obtained in [25] via the the construction of a 
Young tower with tail decay rate l/ra^ +1 . 
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Now construct the suspension semiflow <p t : [0, l] h — > [0, l] h where h : [0, 1] — > M + 
is a Holder continuous roof function. Assume that v : [0, 1] — > R is C°° along the 
flow direction with C v derivatives for some rj > 0. For typical roof functions h, it 
follows from Theorem 12.21 below that there exists a constant C v such that 

\pv,w (t)\ < cM^/r, 

for all w G L°°([0, if), t > 0. 

Example 1.4 (Semi-dispersing Lorentz flows) Chernov & Zhang [7j consider a 
class of semidispersive billiards with tables of the form R — {B% U ■ ■ • U B r } where R 
is a rectangle and Bi,...,B r C Inti? are disjoint strictly convex obstacles with C 3 
boundaries (see Figure 2(a)]). Building upon ideas of Markarian [T7j, it is shown 
in [7] that the correlation function for the billiard map (for Holder observables) de- 
cays as 0((\nn) 2 /n). A byproduct of the proof (see [H Section 3]) is the existence 
of a Young tower with tails decaying as 0((\nn) 2 /n 2 ). Hence, it follows from The- 
orem 12.61 below (noting Remark 12. 3p that typically the corresponding Lorenz flows 
have decay rates p v>w (t) = 0((lnt) 2 /t) for observables v,w sufficiently smooth in the 
flow direction. 

Example 1.5 (Dispersing Lorentz flows with vanishing curvature) Chernov 
& Zhang [8] study a class of dispersing billiards where the billiard table has smooth 
strictly convex boundary with nonvanishing curvature, except that the curvature 
vanishes at two points. Moreover, it is assumed that there is a periodic orbit that 
runs between the two flat points, and that the boundary near these flat points has 
the form ±(1 + \x\ b ) for some b > 2. The correlation function for the billiard map 
decays as 0({\nnf +1 /n?) where (3 = (6 + 2)/(6- 2) G (l,oo). A gain, a byproduct of 
the proof is the existence of a Young tower with tails decaying as 0((lnn)^ +1 /n^ +1 ). 
Hence, it follows from Theorem 12.61 that typically the corresponding Lorenz flows 
have decay rates 0((lnt)^ +1 /^). 

Example 1.6 (Infinite horizon planar periodic Lorentz gas) The planar peri- 
odic Lorenz g cLS IS cL class of examples introduced by Sinai |23j. The billiard map 
T : M — > M has exponential decay of correlations, as shown by Young [23] in the 
finite horizon case and Chernov [3] in the infinite horizon case. In both cases, the 
map is modelled by a Young tower with exponential tails. 

In the finite horizon case, Chernov [1] has recently proved that correlations for 
the Lorentz flow decay at least stretched exponentially. (Previously [18J showed that 
the decay is typically faster than any polynomial rate.) For the infinite horizon case, 
it is widely expected that the decay rate is 1/t, see [12J. A calculation shows that 
fi(x G M : h(x) > n) = 0(l/n 2 ), and it follows from Theorem 12.71 below (noting 
Remark 12.91) that typically the Lorentz flow has decay rate 0(t 1_e ) where e > is 
arbitrarily small. 
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The remainder of the paper is organised as follows. In Section [2], we state the main 
results first in the simpler context of nonuniformly expanding semiflows, and then for 
nonuniformly hyperbolic flows. Also, we present an outline of the strategy of the proof. 
The proof for nonuniformly expanding semiflows is carried out in Section [3] and HI 
The modifications for nonuniformly hyperbolic flows are described in Section [5j The 
modifications for (semi)flows with unbounded roof function are described in Section O 

2 Statement of the main results 

In this section, we state our main results. In Subsection 12.11 we consider the tech- 
nically simpler case of nonuniformly expanding semiflows. In Subsection 12.21 we 
consider nonuniformly hyperbolic flows. The case of unbounded roof function is dis- 
cussed in Subsection 12.31 In Subsection 12.41 we describe the strategy of the proof, 
focusing for simplicity on the result in Subsection 12.11 

2.1 Nonuniformly expanding semiflows 

Let (X, d) be a locally compact separable bounded metric space with Borel probability 
measure /io and let T : X — * X be a nonsingular transformation for which /io is 
ergodic. Let Y C X be a measurable subset with fio(Y) > 0, and let {Yj} be an at 
most countable measurable partition of Y with fioiXj) > 0. We suppose that there is 
an L l return time function r : Y — > Z + , constant on each Yj with value r(j) > 1, and 
constants A > 1, rj E (0, 1), C > 1 such that for each j > 1, 

(1) F = T r ^ : Yj -> Y is a bijection. 

(2) d(Fx,Fy) > Xd(x,y) for all x,y E Yj. 

(3) d{T l x, T e y) < Cd(Fx, Fy) for all x, y E Yj, < t < r(j). 

( 4 ) 9j = d(W JS|y } satisfies I log 0i 0*0 - log #(2/) | < Cd(x,y) v for all x,y E Y. 

Such a map T : X — > X is called nonuniformly expanding. There is a unique T- 
invariant probability measure v equivalent to /io (see for example [251 Theorem 1]). 

Remark 2.1 Discarding sets of zero measure, we have assumed without loss that the 
induced map F : Y — > Y is defined everywhere on Y. This simplifies the formulation 
below of certain hypotheses involving periodic points. 

Let h : X — > M + be a roof function such that for all j > 1, 

(5) h,\e L°°(X) and \h(x) - h(y)\ < Cd(x,y) r ' for all x,y E T%, 0<£< r{j). 
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Define the suspension semiflow T t : X h — > X h with invariant ergodic measure v h 
as in the introduction. Let p v>w (t) denote the correlation function corresponding to 
observables v , w : X h — > R. 

For m > 1, T) > 0, let C m,v (X h ) consist of those v : X h — > R for which ||w|| m ,r) = 
\\ v \\v + 11^11^ + ' ' '+ ll^r^lk < 00 5 where <9 t denotes the derivative in the flow direction 
and 

IMI»7 = Mdo+ sup \v(x,u) - v(y,u)\/d(x,y) T1 . 

Suppose that Z C Y is a finite union of partition elements Yj. Let p G Z be a 
periodic point for F : K — > Y such that _F l p G Z for all z > 1. We associate to p 
the triple (r, d, q) G R + x Z + x Z + where r is the period of p under the semiflow T t , 
d is the period under the map T, and q is the period under the induced map F (so 
d = J2i=o r {F l p) and r = Yi=o h{T l p)). Let Tz denote the set of such triples. 

Theorem 2.2 Let T : X — > X fre a nonuniformly expanding map and h : X — > R + 
a roof function satisfying properties (l)-(5). Assume that /io(y G Y : r(y) > n) = 
0((lnn) 7 n _( ^ +1 )) ; /or some /3 > ; 7 > 0. Let Z C Y be a finite union of partition 
elements Yj. 

Suppose that there do not exist constants C, m > 1 such that 

|Pt»,to(*)| < C|k||m,r;k|oo(lllt) 7 t^, 

/or allt>0, v e C m ^(X h ), w G L 00 ^). 

Taen there exist sequences 6 fc G R itra£a \bk\ — > 00, and Uk, <fk £ [0, 27r); and 
constants a > arbitrarily large, C,(5q > 1; suc/i i/iai 

dist(6 fc n fc r + w fc n fc d + <?y?fc, 27rZ) < Cg|o fe |~ a , (2.1) 

for all k > 1 and a// (r,d,q) G 7z ; where Uk = [/?o hi |6fc|]. 

Remark 2.3 It is easy to relax the condition that l/h G L°° to the requirement that 
there exists an no > such that l/h no G L°° where h no — h+hoT+- ■ ■ + hoT n °~ 1 . In 
Example ll.4[ this condition is satisfied for no = 2 even though h is arbitrarily small 
near the four corner points. 

Corollary 2.4 Let T : X — > X be a nonuniformly expanding map and h : X — > R + 
a roof function satisfying properties (l)-(5). Assume that Ho(y G K : r(w) > n) = 
0((lnn) 7 n-( /m )) /or some /3 > 0, 7 > 0. 

There exists an integer m with the following property: Fix four periodic solutions 
for Tt : X h — > X h that each intersect Y , and let n, . . . , T4 6e £ae periods. For Lebesgue 
almost all (ti, • ■ • , r 4 ) G (R + ) 4 , taere exists a constant C > 1 sitc/i taat 

(t)| < C||v|| mfl |w|oo (lnt) 7 t ^ 

/or all t > 0, v £ C m > r >(X h ), w G L 00 ^). 
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Proof See [TBI Corollary 2.4]. 



Remark 2.5 Similarly, it suffices that there is a sequence of periodic orbits in Z 
with good asymptotics in the sense of [11]. By [11], good asymptotics is an open- 
dense condition for smooth systems. Hence results on stable rates of mixing reduce 
to stability of the partition {Yj}. We do not explore this issue further in this paper. 

2.2 Nonuniformly hyperbolic flows 

Let (M, d) be a Riemannian manifold. Young [24J introduced a class of nonuniformly 
hyperbolic diffeomorphisms T : M —>■ M (possibly with singularities) with the prop- 
erty that there is an ergodic T-invariant SRB measure v for which exponential decay 
of correlations holds for Holder observables. We refer to [24] for precise definitions, 
but some of the notions and notation are required to state our main results. (The 
further structure from [24] required for our proofs is made explicit in Section [5j) In 
particular, there is a "uniformly hyperbolic" subset Y C M with partition {Yj} and 
a return time function r : Y — > Z + constant on partition elements such that, modulo 
uniformly contracting directions, the induced map F = T r : Y —>■ Y is nonuniformly 
expanding. 

The statement of our main result is completely analogous to that of Theorem 12.21 
Given a roof function h : M — > M + , the suspension flow T t : M h — > M h and ergodic 
measure v h is defined as before. Suppose that Z C Y is a finite union of partition 
elements Yj. Again, we define the set Tz consisting of triples (r,d,q) corresponding 
to periodic orbits for F : Y — > Y lying entirely in Z. 

Theorem 2.6 Let T : M — > M be nonuniformly hyperbolic in the sense of Young \2J$ 
with fx u (y E Y : r(y) > n) = 0((lnn) 7 n~^ +1 ^) for some (3 > 0, 7 > 0. Let 
h : M -»• R+ 5e a roof function with h,\e L°°(M) and - %)| < Cd(x,y) r < for 
all x, y G T £ Y,' ; < £ < r(j). Lei Z C 7 fe fl finite union of partition elements Yj. 
Suppose that there do not exzsi constants C, m > 1 swc/i i/iai 

< C|klU,r?lklU,77 (lnt) 7 t _/3 , 

for allt >0,v,we C m ^(M h ). 

Then condition (12.11) holds as in Theorem \2.2[ 

2.3 Unbounded roof functions 

Suppose now that T is nonuniformly expanding as in Subsection I2.1[ except that the 
roof function h : X — > M + may be unbounded. Condition (5) is relaxed to 

(6) I G L°°(X) and \h(x) - h(y)\ < Cd(x,y)^ for all x,y e T%, < t < r(j). 
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Also, we require the following technical assumption on the growth of h. Let A(n) = 
[j{T% : \\hl T% \\ c , >n}. 

(7) fio(X(n)) <Cn-V +r >. 

Theorem 2.7 LetT : A — > X be a nonuniformly expanding map satisfying properties 
(l)-(4) and h : X — > 1R + a roof function satisfying properties (6), (7) where (3 > 0. 
Assume that fi Q (y G Y : r(y) > n) = 0(e~ cn ) /or some c > 0. Lei Z C K fre a finite 
union of partition elements Yj. 

Suppose that there do not exist constants C, m > 1 such that 

\pv,w(t)\ < CWvW^lwlooQntf+H-P, 

for all t > 0, v e C m ' 1 >(X h ), w G L°°(X h ). 

Then condition fl2.ll) holds as in Theorem \2.2[ 

Remark 2.8 The methods in this paper can handle general decay rates for /io(V > n) 
and no(X(ri)). In the absence of motivating examples, we do not consider this gener- 
ality. Again, a joint estimate of these quantities, if available in a specific application, 
might lead to improved results, as in Remark 11.21 

Remark 2.9 An analogous result holds for T : M — > M nonuniformly hyperbolic, 
except that presently we obtain the weaker decay rate (|1.3p . 

2.4 Strategy of the proof 

There are a number of steps in proving Theorem 12.21 

Step 1 We model the nonuniformly expanding map T : X — > X by a tower map 
/ : A — ► A. Recall that F = T r : Y — * Y~ is the induced map. Define A = 
{(y,f) GFxN:0<£< r(y)}/ ~ where (y,r(y)) ~ (Fy,0). Define the tower 
map / : A — » A by setting f(y,£) = {y,i+ 1) computed modulo identifications. The 
projection tc : A — > X, ir(y, £) = T e y defines a semiconjugacy, 7r o / = T o 7r. 

There is a unique invariant ergodic probability measure /iy equivalent to /j,q\Y for 
the induced map F : K — > Y. Moreover, the density is bounded above (and below) 
so that hy inherits the property /iy(r > n) = ^^((lnn) 7 ?^ - ^ 4 " 1 ^). 

We obtain an invariant probability measure on A given by /xa — A*y x A*c / jy r ^ y 
where /ic denotes counting measure, and 7r : A — > A is measure-preserving, carrying 
/ia to v. Given h : A —>■ M + Holder, let /i = h o n : A — > R + . We obtain invariant 
measures v h and \i^ h = (fiA) h for the suspension flows on X h and A h . The projection 
7r : A — > A induces a projection 7r : A ft — > A' 1 which carries /i A h to v . 

If x,y & Y, let s(x, y) be the least integer n > such that F n ?/ lie in distinct 
partition elements in Y . If x,y G Y,- x {£}, then there exist unique x', y' G ij such that 
x = f e x' and y = f e y'. Set s(x,y) = s(x',y'). For all other pairs x, y, set s(x,y) = 0. 
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This defines a separation time s:AxA->N and hence a metric dg(x,y) = 6 S< - X ^ 
on A. Let Fq(A) denote the Banach space of Lipschitz functions v : A — > R with 
norm \\v\\g = \v\oo + \v\g where \v\q = swp x ^ y \v(x) — v(y)\/d$(x,y). We can choose 
6 G (0, 1) so that vott e Fg(A) for all v G C^{X). It follows that v o vr G F mfi {A % ) 
for all v G C m,v (X h ) where h = h o it and F mt g(A h ) is defined in the obvious way. 

Hence, we may reduce to the situation where f t : A h — > A h is a suspension flow 
over a tower map / : A — > A and h G Fg(A). It suffices to consider decay of 
correlations for observables v G F m ^(A h ), w G L°°(A h ). 

Step 2 We truncate the return time function r so that r < N. This produces an 
error 0((lniV) 7 A^ _ ^ + )f:(ln N) 1 N~^ +1 ^ and reduces the problem to a suspension flow 
over a truncated tower /' : A' — > A' with bounded return time r'. (All constructions 
from F : F — > Y, fiY, t and /i, are repeated with r replaced by r' .) 

Step 3 Let p'(t) denote the correlation function on (A') h and let p(s) denote the 
Laplace transform of p'(t). Modulo an analytic term, 



where v s (x) = J Q e su v(x,u) du and w s (x) = L e su w(x,u) du. Decay of p'{t) 
reduces to analyticity properties of p(s). 

Step 4 Let L : L X (A') — > L 1 (A / ) be the (Perron- Frobenius) transfer operator for 
/' : A' — > A' (so f Al vwofdp A , = f A ,Lvwdp A , for v G L 1 (A / ), io G L°°(A')). For 
s G C, define the twisted transfer operator L s by L s u = L(e sh v). Then 



Via the technique of operator renewal sequences, estimates on |£™t>|i for v G 
F m fi((A') h ) are related to estimates for the transfer operator of the (fixed) induced 
map F : Y — > y. 

Step 5 Choosing = AT(t) appropriately, the estimates in Steps 2 and 4 yield the 
required result. 

Steps 1 and 3 are standard. See for example [HI Section 4.1] for Step 1, and [9l [19] 
or specifically [HJl Section 10] for Step 3. The truncation in Step 2 is the main new 
idea in this paper and is carried out in Section [3J In Section HJ we carry out Step 4 
following [T5] but keeping careful track of the dependence of estimates on N. We 
then specify N = N(t) to obtain the final result. 
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Remark 2.10 (a) In Step 1, the subset F C X is identified with the base {£ = 0} of 
the tower A. The induced map F : F — > F becomes a first return map for / : A — > A. 
In particular, / : A — > A is Markov, even though no such assumption is made on 
T : X -> X. 

(b) The induced map F : F — > F is a full shift on a countable alphabet with good 
distortion properties (guaranteed by condition (4) in Subsection 12. ip . Such maps are 
often called Gibbs-Markov and are studied extensively in pQ. 

(c) Note that h is unchanged in Step 2, except that it is restricted to A'. Similarly 
for v, w, except that a further approximation is required to ensure that v remains 
inside F m ^(A h ), see Section [XT! 

(d) The truncation in Step 2 seems at first sight to make uncontrollable changes to 
/ : A — > A and hence to the suspension flow on A h . However, it should be noted that 
the induced map F : Y — > Y and the F-invariant measure fiy are unchanged by the 
truncation. The techniques in [18] based on operator renewal sequences [221 1131 12] 
are hence well-suited to this situation, see Section |U 

3 Truncation of the roof function 

Let / : A — ► A be a tower map, modelling the underlying nonuniformly expanding 
map T : X — > X, as discussed in Section 12.41 Let h : A — ► M. + be a Lipschitz roof 
function and let ft : A ft — > A h be the suspension flow. Recall that A is itself a discrete 
suspension over the induced map F : Y — > K with ergodic invariant probability 
measure fly and return time r : Y — > Z + . The tower map / : A — > A has an ergodic 
invariant probability measure //a = A*y X counting/f where f = J Y rd^Y- Similarly, 
ft : A h — > A h has an ergodic invariant probability measure fi^h =/iA x lebesgue//z 
where h = f A h d/x^- 

For fixed N > 1, we define the truncated return time function r' = min{r, N} : 
Y — > Z + . Then we form the truncated tower map /' : A' — ► A' over F with measure 
/^A' = /Uy x counting/r'. Restricting ft, to A', we obtain the truncated suspension flow 
fl : (A') h — > (A') fe with measure //(A')fe = A*A' x lebesgue/ft' where ft' = J A , hdfiA>- 

Write A = Ai e ftUA r ight where 

A lcft = {(y,i) e A : r(y) < N}, A right = {{y,£) e A : r(y) > N}. 
Proposition 3.1 (i) r — r 1 = ^2 n>N Liy{r > n) . 

(ii) MA(A right ) = (l/f){Nfi Y (r >N) + En>NMr > n)}. 
Proof This is a standard computation. I 

Proposition 3.2 For k > 1, define 

E k = {x E A : f^x G A right for at least one j £ {0,1,..., k}}. 
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Thenfi A (E k ) < (l/r){£ n>N Mr > n ) + (N + k)p Y (r > N)}. 
Proof Write as the disjoint union Ef. = U^=o wnere 

Gj = {fx G Aieft for % G {0, 1, . . . , j - 1} and fx G A right }. 

In particular /jla{Gq) = /-tA(A rig ht). For j > 1, it follows from the definition that if 
x G Gj, then px G ArightflF (the base of the tower). Hence p&{Gj) < /WA(/ _J (A ri ghtn 
Y))=M A «ghtnY) = {l/f)Mr>N). ' I 

For notational convenience, we write Q = A h and Q f = (A') h throughout the 
remainder of this section. Throughout the paper C denotes a universal constant, 
varying from line to line, dependent only on the suspension semiffow T t : X h — > X h 
and the regularity exponents m, rj. 

Lemma 3.3 Suppose that h, j- : A — > IR + ; v, w : Q — *■ R all lie in L°° . Let 

p(t) = / vw o ftd/iQ - / ud//n / wdun, 
Jn Jn Jn 

p'(t)= / vwoftdnQ>- / ud//n' / wdfiQ'. 



Then there exists Nq, to (depending only on fi, r and h) such that for all N > No, 
t>t , 

\p(t) - p'(t)\ < C\v\ 0O \w\ oo {£« >N M r ^ n ) + (N + t)p Y (r>N)}. 

Proof We choose N > N sufficiently large that l/f' < 2/f, 1/h' < 2/h. It follows 
that jr - ~ < ^(f-f') and |i - ±| < ^|^-^'|. Further, < 4| ^^(f - f')/f. 

By Proposition 13. l( i) . 

^"J< C E^>4 |i-i|<X)Mr>n). (3.1) 

n>7V n>7V 

Let A = o f t dfi n , A' = j n ,vw o fdp n >. By definition, A = (l/h)(l/f)B, 

A' = (l/h!){l/r')B' where 



B = Z2 v{y,£,u)wo f t (y,e,u)dudfjt Y , 

Jy e=0 Jo 

5'=/ / v(y,£,u)wo fl(y,£,u)dudti Y - 

Jy e _ n Jo 



Note that B = r J A J Q h vwo f t dudjjj\ so that |5| < r/i|u |oo|Hoo- Hence by (13. ip . 
\A - A'| < CUvUwl^ E n>N Mr >n) + \B- B'\}. 
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Write \B - B'\ < I + II where 

r(y)-l 



I = MooMoc 

and 



/ h (y^) 1 {r(y)>N}dfI Y ^Clvloolwloo^HYir^n), 

^ Y t=N n>N 



U =M°o/ /J / \wo f t (y,£,u) -w o fj.(y,£,u)\dud/i Y 
Jy e=0 Jo 

r r h ( x ) 

— \v\oqT' / / |iu o f t (x,u) — w o fj.(x,u)\dudfj, A > 



A' JO 



ch(x) 

\v\oof I I \w o f t (x,u) - w o fl(x,u)\dudfjL A . 




A' JO 



(Starting from the last expression, we are regarding A' as a subset of A; for measurable 
sets E C A' C A note that r'fi A >(E) = ffi A (E).) 

Now f t (x,u) = fl(x,u) provided N is sufficiently large that f s (x,u) lies in the 
part of the suspension over Ai e f t for s G [0, t}. Note also that the flow reaches the roof 
at most i|r|oo + l times by time t so it suffices that px G Ai oft for < j < [t\x\oo\ + 2. 
Hence 

II < CMooMooA*A(-Efc)> 

where k = [t|r |oo] + 2. By Proposition 13. 2^ 

// < C'|^| 00 |w| 00 {E n >iv Mr >n) + {N + k)fi Y {r > N)}, 

and so 

\A-A\<C\v\ 00 \w\ 00 {Y dn>N ^ Y {r>n) + (JV + t)n Y (r > N)}. 
A similar (but simpler) calculation shows that 

\J Q vdfi Q J n wdfx n - f n ,vdn n , f n ,wdfi n ,\ < C\v\ 00 \w\ 00 J2 n >N ^(r > n), 
and the result follows. ■ 

Remark 3.4 If fi Y (r > n) = 0((hm) 7 n" (/3+1) ), (3 > 0, 7 > then 

/ \ ^v-^(lnn) 7 1 (IniV) 7 ^— \ 1 ^(lniV) 7 
> u Y (r > n) < C> j < C- ^- > < C- 

n>7V n>JV n>N 

Hence 

|p(t) - < Clvl^wlaoiQjiNyN-P + t(\nN)m~^}. 
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3.1 Regularity of observables 

The original observable v : A h —>■ R is assumed to be smooth in the flow direction, but 
after restriction to (A') h this condition is typically violated since the identifications 
are different. Namely, we now have 

{y,r'{y),h{y))~(Fy,0,0), 

whereas v is smooth respect to the old identifications 

(y,r(j/),%))~(Fj/,0,0). 

This problem is resolved by using the top level of the truncated tower as a buffer. 
That is, we modify v on the strip {(y, N, u) : r'{y) = N,u G [0, h(y, £)]} to obtain 
a new observable v that is as regular in the flow direction on (A') h as v was on A h . 
Since v is bounded and h is bounded below, we can make this modification in such a 
way that H^Hm,,, < C||u|| m)7? . The resulting error in the correlation function is at most 
C|'w|oo|w| 00 /xy(r = N) which is smaller than the error in Lemma [3.31 Hence without 
loss we may suppose that the observable v retains its smoothness in the flow direction 
when restricted to (A') h . 

4 Decay for nonuniformly expanding semiflows 

In this section, we complete the proof of Theorem 12.21 

Define the induced roof function H : Y — > R by H(y) = Yle=o 1 ^ ° f^{v)- For 
5Gl,w6 [0,2vr), we define M b)U) : L°°(Y) -> L°°(Y), ^ 

M b ^v = e- ibH e- iu)r v o F. 

Definition 4.1 A subset Z C Y is a finite subsystem of Y if Z = n n >iF~ n Z 
where Z is the union of finitely many elements from the partition {Yj}. (Note that 
F\z : Z — >• Z is a a full one-sided shift on finitely many symbols.) 

Definition 4.2 We say that has an approximate eigenfunction on a subset Z C 
Y if there exist constants a > arbitrarily large, /?o > and C > 1, and sequences 
|6fc| — > oo, u)k G [0, 27r), <£>fc G [0, 27r), G -fe(^) with = 1, such that setting 
n k = [p ln\b k \], 

\(M^ h u k )(y)-e^u k (y)\<C\b k \-<*, 
for all y G Z and all > 1. 

Define oIn = ^2 k= i fc//y(r > fc). The main result of this section is: 

Theorem 4.3 Let Z G Y be a finite subsystem and suppose that has no ap- 

proximate eig en functions on Z Q . Choose N sufficiently large that r\Z < N. 
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Let d, p > 0. There exists C , m > 1, e > such that 

\p' v>w (t)\ < C\\v\\ m fi\w\ 00 {d N N 1 * l e-< rf - l1 * Nt + (d N N d ) p+2 r p }, 
for all t > 0, v G F m , e ((A') h ), w G L°°((A') h ). 

Corollary 4.4 Let Z C Y be a finite subsystem and suppose that has no ap- 
proximate eigenf unctions on Zq. Choose N sufficiently large that r\Zo < N. 

If \iy{r > n) — 0((mn) 7 n~^ +1 )) ; (3 > 0, 7 > ; then there exist constants 
C, m > 1 such that 

\Pv,w{t)\ < C\\v\\ mie \w\ 00 {\ntyt~ f3 , 
for all t > 0, v e F mfi {A h ), w E L°°(A h ). 

Proof Combining Lemma [3T31 (specifically Remark |3.4[) and Theorem 14.31 we obtain 
pit) = 0{(\nN)m-P + t(\nN)m-^ +1) + d N N 1+d e- eN ~ llnNt + (d N N d ) p+2 r p }. 

We compute that d N < C for (3 > 1, d N < C(lnA^) 7+1 for (3=1, and d N < 
CQniV^iV 1 -^ for (3 e (0,1). 

Set N = [t/q]. Then the first two terms in p(t) are 0((lnt) 7 t~^). The third term 
is 0(d N t 1+d - eq ) = 0{t-P) for q sufficiently large. 

If (3 > 1, the fourth term is 0(t d ~ p ) = 0(t~^) for p > (3 and d sufficiently small. 
The case (3 = 1 differs only by a logarithmic factor so the same choices of p and d 
suffice. If (3 < 1, the fourth term, ignoring a logarithmic factor, is 0(t^ 1 ~ f3+d ^ p+2 ^ p ) = 
0(t- p ) for p > (2 - (3)/(3 and d small. I 

Theorem 12.21 is immediate from Corollary 14.31 since it is known that the exis- 
tence of approximate eigenfunctions implies the periodic data criterion (12.11) . see [TT] 
Theorem 1.8]. 

4.1 Estimates for the Gibbs-Markov map F :Y — > Y 

Let R denote the transfer operator for the Gibbs-Markov map F : Y — > Y. We 
continue to let /' : A' — > A' denote the truncation of / : A — > A with return time 
r' = min{r, A^}. Note that the return map F = f r = (f') r : Y — > Y is independent 
of iV and so the operator R is fixed throughout. Define H'(y) = Y^t=o~ l h Piv)- 
For s, z G C, define the twisted transfer operator R s z to be -R S)X f = R(e sH e zr v). 

Proposition 4.5 J2j>i l^H'lepyiYj) < \h\ e f. 

Proof This follows from the estimate \l Yj H'\ g < (r'\Yj) \h\o < (r\Yj)\h\ e . ■ 

It follows from Proposition 14.51 that the estimates in [181 Proposition 3.7] hold 
independent of N. In particular, 

iic,^<£{i%ioo+n^h (4.1) 
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for all n, N > 1, \b\ >l,u6 [0, 2vr), v E F e (Y). 

Define the norm \\v\\b = max-d?;^, \v\g/(2C\b\)} where C is the constant in (14. ip . 

Lemma 4.6 (cf. ITS] Lemma 3.5]). Assume no approximate eigenf unctions on Z$ 
and choose N sufficiently large that r\Zo < N. Then there exist a > 0, C > 1 
independent of N such that 

\\(I-R i b,J)- 1 \\b<C\b\ a , 

for all \b\ >l,ue [0,2tt). 

Proof Since r|^ < A^, it makes no difference whether we define using H or H' 
for the assumption that there are no approximate eigenfunctions on Zq. 

When lo — 0, it remains to verify that the proof of [HI Lemmas 3.12 and 3,13] 
goes through unchanged. The main issue is the dependence on the constant called 
C*6 in [TS] which potentially depends on N. However, this constant is shown to be 
uniform in (14. ip . The remaining arguments in [18] indeed go through without change 
proving the result for lo = 0. 

As in [HI Section 3.3], the case lo ^ presents no additional complications. ■ 

Proposition 4.7 (cf. [18, Proposition 3.10]). 

\\R.,z ~ Rib,iu\\b < Cd N (\a\ + \a\)eMW°° + W N , 
for all s = a + ib, z — a + iu G C 

Proof The key estimate is [HI Proposition 3.9(d)] which states that 

\\(R S - R lb )l Yj \\ b < C\a\\\l Yj H'\\e(l + |l r ,#>)e |a||1 ^'Sr(^)- 

Similarly, 

It follows that for each j > 1, 

\\(Rs, z - Rib^ly.Wb < C(\a\\\h\\g + |a|)(l + \h\g)e^ h ^+^ N r'ijfMYj). 

jj lY (r' = k) < 2d N , so the result follows from the 
fact that R S)Z — R^iu, = J2j>i(Rs,z ~ Rib,iu)^Y y ■ 

In the sequel, s always denotes s = a + ib G C, similarly z — a + iu G C. All 
constants C, e, etc are uniform in |6| > 1 and lo G [0, 2tt) but we suppress the domain 
of b and lo. 
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Lemma 4.8 (cf. fig), Lemma 3.14])- Assume no approximate eigenfunctions on Z 
and choose N sufficiently large that r\Zo < N. Let d > and set d^ = diyN d . There 
exist a > 0, e > and C > 1 independent of N, such that 

\\(I-R s , z )- 1 \\ b <C\b\'*, (4.2) 

for all a, a G where 

U b = {a G E : |a| < emmliV-MniV,^- 1 ^- }}. 

Proof Choose e < rf(|/i|oo + 1) . It follows from Proposition 14.71 that for s, z in the 
stipulated region, 

\\\R.,z ~ Rib,iu\\b < CtN' d \b\- a e^ +l ^ N < Ce\b\- a . 

By Lemma |4~6| \\R S ^ Z — Rib,iw\\b\\(I — Rib,iu)~ l] \b < § say for e sufficiently small. Using a 
resolvent inequality as in [TQ1 Section 2], we obtain ||(I — R s ,z)~ x \b < 2||(J — Rib,iu)~ 1] \b 
giving the required result. I 



4.2 Operator renewal sequences 

Let L denote the transfer operator for the truncated tower map /' : A' — > A'. Recall 
that for s G C, the twisted transfer operator L s is defined to be L s v = L(e sh v). Hence 
(L» (x) = £ (/ , )?z=x g' n (z)e sh '^h(z) where h' n (z) = h{z) + h(f'z) + ■■■ + 
and g' n {z) is the inverse of the Jacobian of (f') n at z. 

Let Z n — {y G Y : r' — n}. Then {Z\, . . . , Zjv} is a finite partition of y. 

For s 6 C, define the operator renewal sequences 

7s,n = 1yL s 1y, Rs,n — ^yL^1z u , 
and the Fourier series T, R : C — ► L(i^(y)) given by 

oo iV 

T s (z) = T ^e zn , R s (z) = R s,ne zn - 

n=0 n=l 

We have the renewal equation T s (z) = (I-Rs(z))^ 1 . Note also that R s (z)v = R s , z v = 
R(e sH 'e zr 'v). 

Lemma 4.9 (cf. [T^ Lemma 4-3]) Assume no approximate eigenfunctions on Zq 
and choose N sufficiently large that r\Zo < N. There exist constants e, 5 > 0, a > 0, 
C > 1 independent of N such that 

\\Ts, n \\b < C\b\ a e^ n5min{N ' llnN '^ lw ~ a} , (4.3) 
for all n > 1, and a G [/&. 
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Proof By the renewal equation and (j4.2j) . 



\\T s (z)\\ b =\\(I-R s (z))-%<C\b\«, 

for a, a G U b . 

By definition, R s {z) is a polynomial of degree N in e z and hence analytic in z. It 
follows that T s (z) is analytic in z on the domain of (I — i? s (z)) -1 , namely [/&. Hence 
the Fourier coefficients T Sj „ decay at the required rate for any 5 < e. ■ 

Lemma 4.10 (^c/. [18, Lemma 4-4]) Assume no approximate eigenfunctions on Zq 
and choose N sufficiently large that r\Z Q < N. Let d > and set d^ = d^N d . There 
exist constants e, 5 > 0, a > 0, C > 1 independent of N such that 

^|L>|i < C\\v\\ b d N \b\ a msx{N(hyN)- 1 ,d N \b\ a }, (4.4) 

n>l 

for all v G Fg(A'), n > 1, and a G 

Proof Recall that (L™t>)(x) = X)(/')««=a; 9' n (z)e sh ' n ^ z ' , v(z). Following the proof and 
notation of [T8l Lemma 4.4], we write 

L s — Y2i+j+k=n A St iT S jB St k + E s>n , 

where 

(T s>n t»)(x) = , (A s , n v){x) = 

J" n z — x y ^ -y — x 

x,z£Y z&; fz(£Y,...J n z£Y 

(E s>n v)(x) = Y ' (B s>n v)(x) = Y 

f n z=x f n z=x 
zgY,...,f n z£Y z<£Y,...,f n - 1 z<jEY; f n z&Y 

and we have suppressed the summands g' n (z)e sh ' n ^v(z). We view these as operators 
: Fg(A') -> L 1 (A / ), T s , n : -> L°°(F), A s , n : L°°(F) -> L X (A'), 5 S ,„ : 

Fg(A') -> £ s , n : F e (A') -> L 1 (A'), with the || || 6 norm on and Fg(A'). 

In the corresponding operator norms, we have 

< II^mII ll^sjll ll-^s,*ll + ll-^s,n||- 

Due to truncation, A Sjn = B Sjn = E s>n = for n > N. We claim further that 

\\A Sin \\ < CN e 'fj, Y (r' > n), \\B e>n \\ < CN"'n^ Y (r' > n), (4.5) 
\\E s , n \\<CN*'ZtnMr'>k), 
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where e' = e\h\^ for all n > 1, |a| < eiV^lniV, 6 6 R. 

Let M n = pyir 1 > n) and v n = e~ cn where < c < In N. Then (u * 

v )n = Ef=iM r ' > k)e-< n - k 1 < N s e- cn Y,k=i^y( r ' > k ) < N s fe~ cn . Similarly, if 
u' n = np Y {r' > k), then (u' * v) n < iW cn ^f =1 A^y(r' > k) < N s d N e~ cn . Using 
this calculation and estimates (14. 3p . (14. 5p . we obtain 

||£"|| < Cd N N 2e ' +25 \b\ a e- nSmin{N ' llnNj ^ lbra} + \\E Sjn \\. (4.6) 

Moreover, J2 n >i \\ E s,n\\ < CN'Y,n=iEk=n^y( r> > k ) = CN'd N . Shrink e and S if 
necessary so that 2e' + 25 < d. Since (1 — e~ x )^ 1 < 2x~ 1 for x > small, we obtain 
the required estimate for ^ n>1 L™, 

It remains to verify estimates (I4.5p . Note that the support of A S)Tl v is contained in 
level n < N of the tower and has measure at most ^2 r iu\ >n PA'{Yj) < {^/r')p Y {r' > 
n). For x in level n, we have (A S:n v)(x) = e sh ' n ^v(z) where z is the unique point 
in Y with (f') n z = x, and so {A^v^ < e^" 11 ^^^!^ < N e ^°° \v\oo. Hence 
l^s.n^li < (l/f')N e /iy(r' > n). Similarly, 

N 

l^li < iV e ' MA'(A^)bU < (l/f')iV e ' J] /i y (r' > fc)||v|| 6 . 

r'(j)>n k=n+2 
n<£<r'(j) 

Finally, if y 6 Y, then (B s>n v)(y) = Y^ r '{j)>n9n( z j) eShn ^ v ( z j) wnere 4 is the unique 
preimage of y in Aj- jr /(j-)_ n . Since /' : Aj i — > ^j,£+i is an isometry for £ < r' — 1, we 
can write g' n [z'-) = g(zj) where 2^ is the unique point satisfying zj G Yj, Fzj = y, 
and g is the Jacobian in part (4) of the definition of nonuniform expansion in Sec- 
tion (27TJ (Alternatively, g is the weight in the definition (Rv)(x) = J2f v =x 9(v) v (y) 
of the transfer operator R for the Gibbs-Markov map F : Y — * Y.) The log- Holder 
condition on g implies that \g(y)\ < C^y^Xj) anc ^ \9{v)/9{v) ~ M — Cd 9 (y,y) for 
all y,y £ Yj. Hence (A^U < Er'0>n C>y(Y,-)^ e >U < CN^ Y (r' > n)\v 



and \(B Sin v)(y) - B s , n v)(y)\ < £ r%)>n ^e^v^) ~ 9^i)^M^)\ ^ 

de(y,y)T / r>(y)>n( C MYj)N t '\v\ e + C// y (^)^ e >|n|/i|ek|oc + Cp Y {Yj)N e '\v\Jj so 

that iB^nvIe < CiV e ' |6| n/iy(r' > || 6 . It follows that \\B a>n \\ h < CN e 'np Y (r' > n) 
completing the verification of estimates (I4.5p . I 

Proof of Theorem 14.31 By the formula in Step 4, Section 12.41 it follows from 
Lemma 14.101 that 

p(s) < C\\v\\ e \w\ x d N \b\ a max{N(\nN)-\d N \b\ a }. (4.7) 

To recover p'(t) we integrate along a contour a = a^(b) in the left-half-plane; specif- 
ically a = eminjiV -1 In N, d^b' 01 } for b > 1 (and decreased e). Integrating by parts 
m times as in [10], we obtain the integrals 

OO POO _ 

d N Ne- eN ~ llnNt b a - m db, 11= e~ ed ^ h ' at d 2 N b 2a - m db. 



Taking m > a + 1 yields / < Cd^Ne eN lnNt . A change of variables yields 

/>oo 

II < a- l e- p r p d p N +2 / e-VyP- 1 dy = aT^'fr - 1)1 d p N + h~ p , 
Jo 

with m = (p + 2)a + 1. I 

5 Decay for nonuniformly hyperbolic flows 

In this section we prove Theorem l2.6l The main steps are the same as for Theorem (221 
but there is an additional step between Steps 3 and 4 where we pass from the Young 
tower to a nonuniformly expanding quotient tower /' : A' — > A' by quotienting along 
stable manifolds. 

In Subsection l5.lt we include the necessary background material and notation from 
Young [2~4"l |2"5] on nonuniformly hyperbolic diffeomorphisms and towers. In Subsec- 
tion [5721 we use approximation arguments to reduce the nonuniformly hyperbolic case 
to the nonuniformly expanding case studied in Section HI 



5.1 Background on nonuniformly hyperbolic systems 

Let T : M — > M be a nonuniformly hyperbolic diffeomorphism in the sense of 
Young [2U [25]. As described in Section 12.21 there is a partition {Yj} of Y C M 
with return time function r : Y — > Z + , constant on partition elements {Yj}, and 
induced return map F : Y — > Y given by F(y) = T r ^ y \y). There exists an ergodic 
T-invariant probability measure v that is an SRB measure. 

Let A = {(y, £) : y € Y, £ = 0, . . . , r(y) — 1} and define the tower map / : A — ► A 
by setting f(y, £) = (y, £ + 1) for < £ < r{y) - 1 and f{y, r{y) - 1) = (Fy, 0). The 
projection 7r : A — > M given by 7r(y, £) = T l y is a semiconjugacy between / : A — ► A 
and T : M -> M. 

The subset K is covered by families of stable disks {W s (y), y G Y} and unstable 
disks {W u (y), y G Y} such that each stable disk intersects each unstable disk in 
exactly one point. For p = (x,£), q = (y,£) G A, we write q G W s {p) if y G iy s (x) 
(and g G IY u (p) if y G iy u (x)). 

Quotienting out the stable directions, we obtain the quotient maps / : A — > A 
and F : Y -> Y. 

Proposition 5.1 ( [24, 25j ) T7ie quotient tower map f : A — > A a nonuni- 
formly expanding tower map of the type considered in Section H In particular, there 
are F and f -invariant measures p, and p, x fie/ §y r d\x on Y and A respectively, 
such that F : Y — > Y Gibbs-Markov with respect to the quotient partition {Yj}. 
Moreover, there is a f -invariant measure fi on A snc/i i/iai i/ie natural projection 
7r : A — > A and iae projection n : A —>■ M are measure-preserving semiconjugacies. I 
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In Step 1, we denned s : A x A — > N relative to returns under F to the partition 
{Yj}. This lifts to a separation time s : A x A — > N given by s(p,q) = s(jtp,7tq). 
Note that s is defined on both A and A, but the metric de(p,q) = O^'^ is defined 



We assume that there exists 7 G (0, 1) such that 

(PI) If q G W s (p), then d(irf n p, nf n q) < Cj n for all n > 1. 

(P2) If g G then d(7r/>, nf n q) < CY {p ' q) ~ n for < n < s(p, q). 

This means that there is exponential contraction along stable disks but nonuniform 
expansion along unstable disks. 

Proposition 5.2 d(T n irp,T n nq) < C^mmKs^-n} f or all p,q e A, < n < s(p,q). 

Proof Define z = W s {p) n W s (q). By (PI), d(7if n p,7if n z) < Cj n . Moreover, 
s(z, q) = s(p, q) and so by (P2), d(nf n z, nf n q) < CY (p ' q) ~ n - ■ 

5.2 Proof of Theorem I2TB1 

We continue to assume that T : M — > M is a nonuniformly hyperbolic diffeomor- 
phism, modelled by a Young tower / : A — > A as in Subsection 15.11 We have the 
measure-preserving semiconjugacy n : A — > M. 

Let /i : M — > M + be a ^-Holder roof function with associated suspension flow 
T t : M h — > M ft . Define h = h o tt with suspension flow / t : A /l — > A ft . The projection 
71 : A h — > M h defined by n(p,u) = (jrp,u) is a measure-preserving semiconjugacy. 
Given u , w G C v (M h ), let £ = uo7T, = iuo7r. It suffices to prove decay of correlations 
for the observations v, w : A h — > M. 

We now introduce the truncation r' = min{r, N} and the truncated tower map 
/' : A' — > A'. The argument in Section [3] for the nonuniformly expanding case applies 
equally to the the nonuniformly hyperbolic case. 

To simplify notation, in the remainder of this section we write / : A — > A for 
the truncated tower map and [i for the measure on A'. Note that estimate (P2) is 
unaffected by truncation since the return map to Y is unchanged. Also, estimate (PI) 
can only be improved by truncation. In particular, Proposition 15.21 remains valid. We 
note that many of the objects defined below, such as x, and so on, depend on N . 
However, the estimates involve universal constants independent of N. 

As in the uniformly expanding case, the significant part of the Laplace transform 
of the correlation function for the truncated flow has the form 



only on A. 




where v s (p) = jj. 



h{p) 



e su v(p,u)du and w s (p) = J L 



hip) 



e su w{p,u)du. 
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To estimate p(s), the first step is to write h as a coboundary plus a roof function 
that "depends only on future coordinates" . 

Lemma 5.3 There exist functions h, x '■ A — > R such that 
(%) h = h + x-X°f, 

(ii) x L°°(A) and \x\oo < C (independent of N), 
(Hi) If s(p,q) > 3k, then \x(f k p) ~ x(f k Q}\ — Clu where 71 = y 71 , 

(iv) h(p) = h(q) for all p G W 8 {q), 

— — -1/0 

(v) h : A — ► R is Lipschitz with respect to the metric dg, for 9 = 7/ . 

Proof We modify the proof of [HI Lemma 5.4]. Instead of the two separation times 
s and Si in [18], we have only the separation time s. Most of [T8"| Lemma 5.4] goes 
through word for word with s substituted for si. The proof only differs in part (e): 
instead of choosing p, q G A with Si(p, q) > 2k + 1, we require that s(p, q) > 3k + 1. 
Since A is Markov, we can choose p' G f~ k p, q' G f~ k q with s(p',q') > 3k + 1. 
(Unlike in [18] , the separation of p, q does not necessarily increase with each backward 
iterate.) By (i), (iii) and the Holder continuity of h, we have that \h(p) — h(q)\ = 
\h(f k p') - h(f k q')\ < Cj k as required. I 

(The proof of Lemma [5.31 shows that the introduction of s\ in [18] is unnecessary.) 

By Lemma l5T3l we can write p(s) = J2 n >i J 1 \ e ~ shn ( e ~ SXv s) (e sx w s ) o f n dp. Next 
we approximate e~ sx v s and e sx w s by functions that "depend only on finitely many 
coordinates". For k > 1, define v s ^{p) = inf{(e~ sx v s )(f k q) : s(p,q) > 3k}. 

Lemma 5.4 The function v S; k '■ A — > R lies in L°°(A) and projects down to a Lips- 
chitz observation t^T : A — > R. Within the region s = a + ib, \a\ < 1, \b\ > 1, 

(a) \v^k\oo = \v s ,k\oo < e lx|oo |f s |oo < C\v\oo = C^loo. 

(b) Iv^ie^Clv^e- 3 ". 

(c) \{e~ sx v s ) o f k - < C|MW&| 7l fc . 

Proof The proof is unchanged from [TH Lemma 5.5] except that s is again substi- 
tuted for s\. ■ 

Write J A e- s ~ hn (e- sx v s ) (e sx w s ) o f n dp = J A e- sKn ° fh {e~ sx v s ) o f k (e sx w s ) o f k o 
f n dp — I1 + I2 + I3, where 



h 






o/ fc ((e s ^) of k -w 8 , k )of n dii, 


h 


= 1^ 


-^«°/ fc (( e -^ s 


)°f k ~ V s ,k) W S)k O f n dp, 


h 






op dp. 
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| 7l | < eW^-eM-lv.Uie'Xw.) o f k - < CVUMU^'^Si, 

and similarly \I 2 \ < C\\v || J? Moo|&|e n|a " /l|oo 7i . Hence 

|/i|, \h\ < C||t;||^||w||J6|e" emin{Ar " lln7V '^ 1|6| " Q}|/l| -7 1 fc , 

for all a E Ub. 

The integrand in I3 projects down to A and h n o f k = h n + hk ° / n — /ifc, so 
^3 = f A e- 9h -[e' h v^ [e- shk w7j:} ° T dp = f ^L n _ s {e sh *v^} [e-^TD^] d/2. 

Here, L is the transfer operator for the truncated quotient tower map / : A — > A, 
and L s w = L(e sh u). By (Ojl . 

||2£|| < c , ^|6|" e - n5min{iV " lln7V '^ 1|fcrQ} + \\E Sjn \\ 

on Fg(A). Hence, 

|/ 3 | < \\LlMe s He\\^\\e\e- shk \oo\w^\ 



00 



< C|^| 00 |u;| 00 (rf i v|6| Q e- n ' 5min{ ^ llnJV '^ 1|&rQ} + ||£ Sin ||)|&|r 4fc e 2fc|h| ' 
Choose k = k(b, n, N) so that 

( e 2|fc|oo0-4)fc ^ e |n < 5min{JV- 1 lnJV,d- 1 |b|- ' }_ 

Then there exists 5' > (depending on 71 and 9) such that 

J 1; / 2 = Q(^ e -n(8'~e)mm{N- 1 \nN,d N 1 \b\- a }\h\ oc ^^ 

h = 0(d N e-^ nSm[n{N ' llnN '^ llbra} \b\ a+1 ) + 0(N 6 / 2 \\E s ^ n \ 



Here, we have used the fact that E s>n = for n > N. Choosing e small enough, we 
obtain a new 5 > such that 

\f A e-' h "(e-'*v a ) (e s *w s ) o pd}j,\ 

< C'||i;||^||^||^(^e-" 5min{Ar " llnAr ' < ^ 1|f,| " a} + N 5 \\E s , n \\)\b\ a+1 . 

Summing over n as in Lemma 14.101 we obtain 

< C\\v\\Jw\\ v d N \b\ a+1 max{N (In N)-\d N \b\ a }. 

This is almost identical to the estimate (|4.7j) obtained in the nonuniform expanding 
case, and so we recover the required decay of correlation result for p'(t) in Theorem 14 .31 
as before (but with m = (p + 2) a + 2) and hence for p(t). I 
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6 Decay for flows with unbounded roof functions 

In this section, we prove Theorem 12 .71 The strategy is similar to the previous sections 
but now two truncations are required. Let 

U b = {a G R : |a| < eminliV- 1 ,^ 1 ^- }}, 

V b = {aGK: \a\ <ed^\b\- a }, 

where is defined below in Lemma 161)1 In the semiflow case, the steps are as follows: 

(a) Model by a tower. 

(b) Truncate h to hi — min{/i, iV}. This leads to an error 0(N~P + tN~^ +1 ^) in 
the correlation function. 

(c) Truncate r to r' = min{r, [gin N]}. The truncation error takes the form 
0(tN-^-V). Choosing q > ((3 + 2)/c ensures that this is dominated by the 
error in (b). 

(d) - < C\b\ a for aeU b ,ae V b . 

(e) |L>|i < CWvWhNlb^e-^W'" for a G U b . 

(f) \p( s )\ < C||w||6»|'«7| 00 A^ 3 g?a^|£ , | 2q: for a G U b , where p(s) is the Laplace transform 
of the (doubly) truncated correlation function p'{t). 

(g) W)\ < CWvlUeHooiN^e-^- 1 ' + N 3 d p N +1 t^}. 

(h) Specify A" = N(t). 

Step (a) is identical to Step 1 in Section I2.4L We may assume from now on that 
the nonuniformly expanding map is a tower map / : A — > A and that h : A — > M. + is 
a (nonuniformly) Lipschitz roof function. 

6.1 Truncation of h 

In this subsection, we carry out Step (b). Let A(n) = [J{Aj^ : H/iIa^Hs > n }- 
Condition (7) on h in Section [2731 guarantees that p/^(A(n)) < Cn~^ +1 ' . 

Fix AT > 1 and let hi = min{/i, N}. We form the suspension flows ft : A h — > A h 
and // : A 71 — > A 71 . Observables !J,w on A ft restrict to observables on A h and we 
define the correlation functions p(t) and p'(i). 

Write A h = Af eft UAf? ight where 

Af eft = {(ar.ti) G A ft : h(x) < N}, A r h ight = {(x,u) G A ft : h(x) > N}. 
As in Proposition EIU we obtain h-ti < CN" 13 and /x A "(A^ ht ) < CA^ 3 . 
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Proposition 6.1 For k > 1, define 

E k = { P EA h : f t p G A£ ght for some t G [0, k}}. 
Then fx A h(E k ) < C{N~P + kN~^ +1 ^} for all N > 2. 
Proof Write E k as the disjoint union E k = Uj=i Gj where 

Gj = {f t p G Af cft for t G [0, j - 1) and f t p G A r h ight for some t G [j - 1, j]}. 

For j > 2, it follows from the definition that if p G Gj, then G Aj ight where 
A r \ ght = {(x,u) G A x [0,1] : h(x) > N}. Hence ^(Gj) < /^(/^(A^J) = 
fi Ah (Al ight ) = (l/h)fx A (h >N)< CN-V+i). 

If p G G x , then either p G A^ ight or f t p G Aj ight . Hence fi A h(Gi) < CN~P + 

Lemma 6.2 Suppose that v,w : A h — ► R He m L°° and define pit), p'{t) as indicated 
above. For N > 2, t > 0, 

|p(t) - p'(t)| < ClvloolwU^ + tiV"^}. 

Proof For notational convenience, we write tt = A h and Of = A h ' . Let A = 
f n v w o f t dpn, A' = J Ql vwo f' t dp Q >. Then 

A — A' — / (vw o ft-vwo f' t ) dp n + ( vwo f' t dp n - j vw o f t dnn>) 
Jn Vn Jq' ' 

= 1 + 11. 



Using Proposition 16. 1[ we compute that 

|/| < 2\v\ 00 \w\ oof Hi{ft + ft) < C^Uw^iN-P + (t + 1)N~^}. 

Next, 

II=(l/h) j j vwo f' t dudp A + [Ul/h) - (1/h'fj y J vwof' t dudp A . 



Hence 



|//| < {l/hMooM^h - h') + (l/^)(l/^')(^ - h'M^Ji' 
< ClvUwl^N- 13 . 



The result follows. 
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6.2 Truncation of r 

Recall that yUy(r > n) = 0(e~ cn ) where c > 0. We make the second truncation 
r' = min{r, [glniV]}. Following Section [3l we obtain f — f' < CN~ cq , /UA(A r i gn t) < 
CN~ cq and /iA(-Efc) < CkN~ cq . (Note that none of these calculations depends on h.) 
The proof of Lemma 13.31 proceeds as before except that there is need for care since 
I ft' loo = N. This leads to the loss of one factor of N and hence the truncation error 
OitN-^-V). 

6.3 Decay of the truncated correlation function 

In this subsection, we carry out Steps (d)-(h), completing the proof of Theorem 12.71 
Let Y{n) = UOj = llV* II* > n}. 

Lemma 6.3 fi Y (X(n)) = 0((\nn)P +2 n-V 3 + 1 )). 

Proof Let Q > and write /iy(F(n)) < fi Y (r > [Qlnn]) + EEi™ 1 MI 7 " = k} n 

y(n)). If Yj C {r = A;} fl V(n), then ||1a -^ft-He > n/k for some £ < k, and so 
A jj£ C A(n/k). Since //y(Y}) = f / u A (A^), 

^({r = A;} n F(n)) < f^ A (A(n/k)) < C(k/nf +l . 

Hence 

[0 Inn] 

MY(n)) < c(e~ cQlnn + (k/nf +l ^ < C( e - cQlnn + (lnnf +2 n~ (/3+1) ). 

k=l 

Now choose Q = (j3 + l)/c. I 

Since ft/ = minjft, N}, we have ||lAj £ ft'||e < ||1a-^||0 f° r & U partition elements 
Aj£, and hence ||ly.i7' ||@ < ||ly..ff||0. By Lemma [6.31 

\\l Yj H'\\ev Y (Yj) < Yl H 1 *^ ll«M*i) < oc. 

This corresponds to Proposition 14.51 and guarantees that we obtain a basic inequality 

l^,^l«<C{|%|oo + 0>|«}, 

uniformly in N. Define ||i>||& = max{|t>|oo, |u|e/(2(7|fe|)}. 

Let Z C Y be a finite subsystem and let Zq denote the part of the tower A over 
Z . Then Z r Q consists of finitely many partition elements so that h\Z^ is bounded. It 
follows that there exists N such that h\Z$ = h'\Z^ for all N > N . In particular, 
H\Z = H'\Zq for all N > N . We now have the ingredients required for the analogue 
of Lemma 14.61 
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Lemma 6.4 Assume no approximate eigenf unctions on Z and choose N sufficiently 
large that H\Z = H'\Z . Then there exist a > 0, C > 1 independent of N such that 



\\(I-R ib , iu )- 1 \\ b <C\b\ a , 
for all \b\ > 1, u G [0,2tt). I 
Proposition 6.5 Let 6n = Y^k=i ^^(^(k)). Then 

\\R S , Z - R lb ,J b < Cd N {\a\ + | (7 |) c «(l^+H)inJV ) 

for all s, zgC. 

Proof As in the proof of Proposition 14.71 we have 

IK^*,* — ^Ri6.to)l^I| 6 < C r (|a|I|l^ J H- / I| (9 H- I<r|r^Cj))(l -h |l> 5 ^ / | (? )e |tt||1 ^- ff ' l ~eM^C7) A4y (i^). 
Note that r'(j) < | £| 00 |ly J .H 7 |oo- Since r'j < glniV and ll^-tf'U < qNlnN, 

\\(Rs, z - Rib^Wb < C(\a\ + \a\)e^ N+ ^ N \\l Yj HTeM^i)- 
Now sum over j > 1. I 



Combining these two results leads to the following analogue of Lemma I4.8[ com- 
pleting Step (d): 

Lemma 6.6 Assume no approximate eigenfunctions on Zq and choose N sufficiently 
large that H\Z = H'\Z . Let d > and set djq = d]yN d . Define U b , V b as at the 
beginning of the section. Then there exist a > 0, e > and C > 1 independent of N 
such that 

\\(i-R s , z r i \\b<c\b\ a , 

for all a G U b , a G V b . ■ 

Next we carry out Step (e). 

Lemma 6.7 Assume no approximate eigenfunctions on Zq and choose N sufficiently 
large that H\Zq = H'\Zq. Let d > and set d^ = d^N 11 . There exist constants 
e, 5 > 0, a > 0, C > 1 independent of N such that 



\Ly\i < C\\v\\ b N\b\ a e 
for all v G F$(A'), n > 1, and a G U b . 



-nSd~ L \h\- a 
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Proof Define the sequences T s>n , A s>n , B s>n , E s>n as in Section EL~2"1 Assuming no ap- 
proximate eigenfunctions, it follows from Lemma E23 that HT^H^ < C\b\ a e~ nSd N l b l 

By truncation of r, the operators ||A a n ||, ||5 an ||, ||S s ,n|| vanish for n > [gin TV]. 
For \a\ < eN- 1 , we compute that \\A S J\ < Ce' c ' n ' } \\B Stn \\ < CNne~ c ' n } and \\E s>n \\ < 
Ce~ c n where d = c — e. The result follows. ■ 

Consequently, J2 n >i l^sHi < C|M|jA^iv \b\ 2a . Moreover, it is easy to check that 
IKIle < CIMIfliV, |w s |oo < ClwlooN. 

Hence 

for all a <E Ub completing Step (f). Step (g) is proved as in Section HI and combining 
Steps (b) and (g) we obtain 

\p(t)\ < -H iTV-^"^ 1 ) -k TV 3 ^^^--^" 1 * -k TV 3 ^" 1 " 1 ^-^}. 

Set N = [t/(glnt)]. For p, q sufficiently large, p(t) = 0((lnt) /3+1 t~ /3 ) as required. 

6.4 Logarithmic factors 

Lemma 16.31 shows that the decay rates on r and h lead to a decay rate for H. An 
alternative approach is to make an assumption on H (via Y(n)) from the outset. In 
particular, if we assume that 

p Y (r >n)= 0( 7 "), MY(n)) = O^rT^), 

then we obtain typically the estimate p(t) = 0(t~"). (The proof proceeds by trun- 
cating so that r' = min{r, [glniV]} and H' = min{H, N}, with Ub modified so that 
\a\ < eiV(ln iV) -1 as in Section HI) With the obvious modifications, we can handle 
general decay rates for uy(F(n)). Presumably this method gives sharp results, but 
the assumption on H is more difficult to verify. 

One situation where Y(n) decays slower than A(n) is when the values of h are 
constant up the tower. Write a n ~ b n to mean a n = 0{b n ) and b n = 0(a n ). Suppose 
that /iy(r = n) ~ e~ n and let h = (n~ 1 e n ) 1 / ( - /3+2 < 1 on all partition elements Aji with 
r (j) = n - By definition, 

p A (h = {n- l e n ) 1/{ P+ 2) ) ~ ne~ n . 

It follows that p/\(h — n) ~ n~^ +2 ^ and hence p,/±(A(n)) ~ n~^ +1 >. On the other 
hand, H = n(n -1 e n ) 1 ''' 3+2 ' on all Yj with r(j) = n so that a similar calculation gives 
Py(Y(ti)) ~ (lnn) ,3+1 n~( /3+1 ' > which is one factor of Inn short of the upper bound in 
Lemma 16.31 In this situation, we cannot hope to improve Theorem 12.71 

On the other hand, if we modify the previous example so that h = e n// ^ +2 - ) on 
partition elements A Ji0 with r(j) = n and h is uniformly bounded on the remainder 
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of the tower, then again fi&(A(ri)) ~ n but this time //y(Y(n)) ~ n and 

typically p(t) = 0{t^). 

Alternatively, suppose that there is a constant m > 1 such that for each j with 
< qlnN there are at most m values of I < r(j) such that HIa^^Hs > A^ln A^ _1 . 
Then ||ly 3 i^'||e < mN + (qlnN)(Nln A^ -1 ) = (m + q)N. In this situation, the 
truncations of r and h automatically achieve the required truncation of H and so 
typically p(t) = 0{t^). 

6.5 Flows with unbounded roof function 

Here, we mimic Section \5\ but in the context of Subsection 16.31 taking account of the 
fact that \h'\oo = N. It is easily verified in [TSJ Lemma 5.4] that h and x inherit a 
single factor of iV from h! and this is compensated for by the fact that \a\ < eN^ 1 . 
Proceeding as in Section [51 we break the n'th term of the series for p(s) into J1+J2+/3 
where 

I U I 2 = 0(|6|7 1 fe e neArmin{7V_1 '^ 1|b| ^ } ), h = 0(\b\ a+1 N 3 \ k e- n5 ^ lw ~ a ), 
where A > 1. 

To progress further, we modify the definition of C/& so that \a\ < eA^ -1 ^ 1 ^! - ". 
Then 

I U I 2 = 0(\b\ a+1 N 3 ^e n ' e ), h = 0(\b\ a+1 N 3 \ k e~ n ' s ), 
where n' = nd^ 1 ^ -0 . Summing over n, we obtain 

\p(s)\ < C\\v\\Jw\\ v N 3 d N \b\ 2a+ \ 

for all s = a + ib with \a\ < eA^ -1 ^ 1 ^! -0 . Taking = and p sufficiently large, 
we obtain the result claimed in Remark 12. 91 
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